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Abstract
Titterington proposed a recursive parameter estimation algorithm for ﬁnite mixture models. However, due to the well
known problem of singularities and multiple maximum, minimum and saddle points that are possible on the likelihood
surfaces, convergence analysis has seldom been made in the past years. In this paper, under mild conditions, we show the
global convergence of Titterington’s recursive estimator and its MAP variant for mixture models of full regular
exponential family.
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1. Introduction
Recursive estimation algorithms have a wide range of applications in on-line system identiﬁcation (cf.
Weinstein et al., 1990), adaptive ﬁltering, pattern recognition (cf. Fu, 1968), adaptive learning (cf. Wang and
Zhao, 2001), sequential change detection (cf. Benveniste et al., 1990), and have attracted signiﬁcant research
interests due to the advantages of computational efﬁciency, reduced storage requirements, tracking timevarying parameters, as well as minimal processing delay. On the other hand, ﬁnite mixture models have
provided a powerful framework to the statistical modeling of a wide variety of random phenomena. Fields in
which mixture models have been successfully applied include astronomy, biology, genetics, medicine,
economics, engineering, and marketing, among many others in the biological, physical, and social sciences (cf.
McLachlan and Krishnan, 1997). As the result, the study of recursive estimation algorithms for mixture
models is of a signiﬁcant value.
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In early 80s, Titterington (1984) proposed a recursive estimation algorithm for the general incomplete data
problem which includes the ﬁnite mixture models as a special case. However, due to the well-known
singularities and multiple maximum, minimum and saddle points that are possible on the likelihood surfaces
for this problem, convergence analysis has seldom been made in the past years. Convergence analysis of
Titterington’s recursive estimator can be formulated in the framework of stochastic approximation. Results
that are based on stochastic approximation often rely on restricted conditions (cf. Benveniste et al., 1990;
Fabian, 1978; Nevelson and Khasminskii, 1976) on regression function. One example is the assumption of the
unique root of regression function as in the Robbins–Monro (1951) procedure. Kushner and Clark (1978)
gave more relaxed convergence conditions. The estimated parameter sequence however, needs to be bounded
and returns inﬁnitely often to a compact domain of attraction of one stationary point of the continuous vector
ﬁeld, which is difﬁcult to verify in practice. The difﬁculty is due to the fact that when more than one stationary
point exist (cf. Lazarev, 1992), this condition is stronger than boundedness and one needs to show that the
parameter estimate sequence does not go inﬁnitely often from one domain of attraction to another. Recently,
Delyon (1996) gave a more general condition on the vector ﬁeld under which the boundedness of parameter
estimate will guarantee the convergence. We will use his result to show the global convergence of
Titterington’s recursive estimator and its MAP variant for mixture models of full regular exponential family
which is useful for on-line recursive Bayesian learning.
The paper is organized as follows. In Section 2, we ﬁrst derive Titterington’s recursive estimator in a slightly
different way as in (Titterington, 1984), and we then derive its MAP variant. In Section 3, we give the proof of
global convergence properties for both recursive estimators and we draw conclusion in Section 4.
2. Titterington’s recursive estimator
Assume that i.i.d. n-dimensional vector observations y1 ; . . . ; yk are received sequentially where each
observation has the underlying pdf pðyjlÞ with l 2 Y  Rd , and for each observed data yk , there is a missing
or latent data xk . Our objective is to derived a recursive estimation formula for l in the general form of the
recursive estimator (Benveniste et al., 1990):
lðkþ1Þ ¼ lðkÞ þ k hðykþ1 ; lðkÞ Þ,

(1)

where k is a sequence of small positive gains which can be either ﬁxed as a constant or decrease with the
index k.
Denote yk ¼ fy1 ; . . . ; yk g, and xk ¼ fx1 ; . . . ; xk g. As in EM algorithm (cf. Dempster et al., 1977), deﬁne the
auxiliary function Qykþ1 ðl; lðkÞ Þ ¼ E½log pðxkþ1 ; ykþ1 jlÞjykþ1 ; lðkÞ . It follows that maximizing Qykþ1 ðl; lðkÞ Þ leads
to improvements in pðykþ1 jlÞ (cf. Dempster et al., 1977; McLachlan and Krishnan, 1997). By maximizing the
second-order Taylor series expansion of ð1=ðk þ 1ÞÞQykþ1 ðl; lðkÞ Þ with respect to l and denoting the maximizing
point by lðkþ1Þ , we have
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If we replace ð1=ðk þ 1ÞÞðq Qykþ1 ðl; l Þ=qlql Þ by its expectation, i.e., the complete data Fisher
information matrix I CF ðlðkÞ Þ ¼ E½q2 log pðx; yjlÞ=qlqlT jl¼lðkÞ , then we have
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which corresponds to one step of the batch scoring EM algorithm (McLachlan and Krishnan, 1997),
initialized at lðkÞ .
The batch algorithm of Eq. (2) is next converted into a recursive estimation algorithm. Let
‘ykþ1 ðl; lðkÞ Þ ¼ Qykþ1 ðl; lðkÞ Þ  Qyk ðl; lðkÞ Þ ¼ Qykþ1 ðl; lðkÞ Þ.
Then,
qQykþ1 ðl; lðkÞ Þ=ql ¼ ðqQyk ðl; lðkÞ Þ=qlÞþ
ðkÞ
ðkÞ
ðkÞ
ðq‘ykþ1 ðl; l Þ=qlÞ. Assuming that l
maximizes Qyk ðl; l Þ so that qQyk ðl; lðkÞ Þ=qljl¼lðkÞ ¼ 0, then
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we have
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Furthermore, the relation holds
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As the result, we obtain a recursive estimation formula as


1
ðkþ1Þ
ðkÞ
ðkÞ 1 q log pðykþ1 jlÞ
½I CF ðl Þ
l
¼l þ
 ðkÞ .
kþ1
ql
l¼l

(3)

We call Eq. (3) as the EM type MLE recursive estimator and it is exactly Eq. (9) in Titterington (1984).
Now we consider the MAP variant of Eq. (3). Instead of assuming l as ﬁxed, we assume l is generated by a
prior pdf pðljfÞ with a hyperparameter f. Our objective is to derive a recursive formula for Bayesian learning
of l under the criterion of maximum a posteriori estimation.
Applying Bayes theorem, we obtain a recursive expression for the a posteriori pdf of l, given ykþ1 , as
pðljykþ1 Þ ¼ R

pðykþ1 jlÞpðljyk Þ
.
pðykþ1 jlÞpðljyk Þ dl

(4)

Successive computation of Eq. (4) for k ¼ 1; 2; . . . ; introduces an ever-expanding combination of the
previously obtained posterior pdfs and thus quickly leads to a combinatorial explosion of product terms. To
overcome this difﬁculty, on-line quasi-Bayes learning (cf. Huo and Lee, 1997; Smith and Makov, 1978) ﬁrst
approximates the successive posterior distributions by the ‘‘closest’’ tractable distribution within a given class
P, under the criterion that both distributions have the same mode, and the EM algorithm is next applied to
estimate the hyperparameters f of the approximate posterior distribution and model parameters l are
incrementally updated. Empirical evidence showed that the quasi-Bayes algorithm in general converges to a
good solution and it has a similar behavior with the batch MAP algorithm (cf. Huo and Lee, 1997).
Here we propose a new approach for recursive Bayesian learning. Deﬁne the auxiliary function of log
posterior likelihood as Rykþ1 ðl; lðkÞ Þ ¼ Qykþ1 ðl; lðkÞ Þ þ log pðljfÞ. It follows that maximizing Rykþ1 ðl; lðkÞ Þ leads
to improvements in pðljykþ1 Þ (cf. Dempster et al., 1977; McLachlan and Krishnan, 1997). Maximizing the
second-order Taylor series expansion of ð1=ðk þ 1ÞÞRykþ1 ðl; lðkÞ Þ with respect to l and denoting the maximizing
point by lðkþ1Þ , we have
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If we replace ð1=ðk þ 1ÞÞðq Rykþ1 ðl; l Þ=qlql Þ by its expectation, then we have
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l¼l

where I p ðljfÞ is the prior information matrix, i.e., negative Hessian matrix of log pðljfÞ.
To convert Eq. (5) into a recursive estimator, we deﬁne ‘ykþ1 ðl; lðkÞ Þ ¼ Rykþ1 ðl; lðkÞ Þ  Ryk ðl; lðkÞ Þ ¼
Qykþ1 ðl; lðkÞ Þ and by following the same argument as for the EM type MLE recursive estimator, we have


1
q log pðykþ1 jlÞ
1
1
I CF ðlðkÞ Þ þ
I p ðlðkÞ jfÞ
lðkþ1Þ ¼ lðkÞ þ
(6)
 ðkÞ .
ql
kþ1
kþ1
l¼l
We refer to Eq. (6) as the EM type MAP recursive estimator and I CF ðlðkÞ Þ þ ð1=ðk þ 1ÞÞI p ðlðkÞ jfÞ as the
complete-data Bayesian Fisher information matrix. It is easily seen that as k becomes large, the effect of prior
information diminishes.
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3. Convergence results
Global convergence properties of Eqs. (3) and (6) are unknown. However, if we assume the i.i.d.
observations are generated by a mixture of a full regular exponential family, then under mild conditions to be
stated below, we obtain global convergence results. Before showing the result, we ﬁrst give the deﬁnition of a
full a regular exponential family and a lemma which is proved in (Delyon, 1996).
DeﬁnitionR (Brown, 1987). Let n be a R s-ﬁnite measure on the Borel subsets of Rn . Let
N ¼ fy: eyy nðdyÞo1g. Let jðyÞ ¼ logð eyy nðdyÞÞ and deﬁne py ðyÞ ¼ expðy  y  jðyÞÞ; y 2 N. Let
Y  N. The family of probability densities fpy : y 2 Yg is called a n-dimensional standard exponential
family. N is called the natural parameter space. The family is called full if Y ¼ N. It is called regular if N is
open, i.e. if N ¼ N0 where N0 denotes the interior of N. Common pdfs such as normal, exponential,
Poisson et al. belong to this family.
Lemma (Delyon, 1996). Rewrite Eq. (1) as
lðkþ1Þ ¼ lðkÞ þ k f ðlðkÞ Þ þ k ek ,

(7)

where lð0Þ is given, f ðlÞ ¼ E l0 ½hðy; lÞ is a vector field on Y  Rd , ek ¼ hðyk ; lðkÞ Þ  f ðlðkÞ Þ is a perturbation, and
k is a nonnegative scalar gain sequence. Assume f is a continuous vector field defined on an open set Y  Rd , such
that L ¼ fl: f ðlÞ ¼ 0g is a compact subset of Y, and there exists a nonnegative C 1 function V such that
(1) V ðl0 ; lÞ tends to 1 if l ! qY or klk ! 1.
(2) hrl V ðl0 ; lÞ; f ðlÞio0 for leL.
ðkÞ
Further
remains in a compact subset of Y,
Pmassume that the algorithm is A-stable, that is l
limm!1 k¼1 k ek exists, and limk!1 jk j ¼ 0. Then the distance of lðkÞ to the set L, dðlðkÞ ; LÞ, converges to
0 a.s., and in particular, if L is a ﬁnite set, lðkÞ converges to some point of L.

Theorem 1 (Global convergence property of the recursive MLE estimator). For an i.i.d. sequence,
y1 ; y2 ; . . . ; yk ; . . . ; we assume the underlying pdf to be a mixture of a full regular exponential family
P
T
T T
0
pðyjlÞ ¼ G
g¼1 og pðyjyg Þ, with l ¼ ðy1 ; . . . ; yG Þ , and we use l to denote the true parameter. Assume that
½I CF ðlðkÞ Þ1 o1, q log pðyjlÞ=qlo1 and lðkÞ does not tend to infinity. Then the sequence of recursive estimator
(3) converges a.s. to the set of parameters


q
(8)
L ¼ l : E l0 ½log pðyjlÞ ¼ 0
ql
even if this set contains several or nonisolated stationary points, and they may be stable, unstable or saddle.
Proof. Deﬁne the Kullback–Leibler measure or relative entropy as the potential (Lyapunov) function:


pðyjl0 Þ
0
V ðl ; lÞ ¼ E l0 log
.
pðyjlÞ
It is well known that V ðl0 ; lÞX0 with equality if and only if l ¼ l0 (Cover and Thomas, 1991). It is easy to
verify that V ðl0 ; lÞ ! 1 if l ! qY or klk ! 1, since pðyjlÞ is a mixture of a full regular exponential family.
Taking derivative of V ðl0 ; lÞ with respect to l, we have


q log pðyjlÞ
.
rl V ðl0 ; lÞ ¼ E l0
ql
By Eq. (3), we have the gradient ﬁeld


q log pðyjlÞ
0
ðlÞE
f ðlÞ ¼ I 1
CF
l
ql
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and thus
0

hrl V ðl ; lÞ; f ðlÞi ¼ E l0






q log pðyjlÞ T 1
q log pðyjlÞ
I CF ðlÞE l0
o0
ql
ql

for leL.

The inequality is due to the fact that the complete-data pdf belongs to a full regular exponential family, and
thus I CF ðlÞ is positive deﬁnite.
P
Let M k ¼ ki¼1 i ei , where in this case ei ¼ ½I CF ðlðiÞ Þ1 ½ðq log pðyi jlðiÞ Þ=qlðiÞ Þ  E l0 ðq log pðyi jlðiÞ Þ=qlðiÞ Þ and
k ¼ 1=ðk þ 1Þ. By assumption, ½I CF ðlðkÞ Þ1 o1 and q log pðyjlÞ=qlo1, and thus ei o1. Deﬁne Fk :¼
sðy1 ; . . . ; yk Þ. Then for kX1, we have E½M k jFk1  ¼ E½M k1 jFk1  þ E½k ek jFk1  ¼ M k1 þ
k E½ek  ¼ M k1 , and thus M k is a martingale. Moreover, since E½ðM i  M i1 Þ2  ¼ E½ði ei Þ2 oC2i ,
Pk
P1
2
2
2
and
k¼1 ðk Þ o1, by orthogonality of martingale increment, E½M k  ¼
i¼1 E½ðM i  M i1 Þ  ¼
Pk
2
2
i¼1 E½ði ei Þ o1, and thus M k is bounded in L , i.e., ek is an L2 -bounded Martingale increment. As the
result, lim M k exists a.s. (Durrett, 1996), and the A-stability is satisﬁed. Thus lðkÞ converges a.s. to L as deﬁned
by (8). &
P
Remark. By the strong law of large number, we have ð1=ðk þ 1ÞÞ kþ1
i¼1 log pðyi jlÞ ! E l0 ½log pðyjlÞ ¼
0
0
0
0
Hðpðyjl ÞÞ  V ðl ; lÞ a.s., where Hðpðyjl ÞÞ ¼ E l0 ½log pðyjl Þ is the entropy of the source. On
P
0
0
the other hand, ð1=ðk þ 1ÞÞQykþ1 ðl; l0 Þ ¼ ð1=ðk þ 1ÞÞ kþ1
i¼1 Qyi ðl; l Þ ! E l0 ½Qy ðl; l Þ ¼ E l0 ½log pðyjlÞ þ
E l0 ½E l0 log pðxjy; lÞ a.s. Since for each iteration, we always let l ¼ l0 , which enforces
E l0 ½E l0 log pðxjy; lÞ ¼ 0. So maximizing the normalized auxiliary function ð1=ðk þ 1ÞÞQykþ1 ðl; l0 Þjl¼l0 is
asymptotically equivalent to maximizing the normalized likelihood function ð1=ðk þ 1ÞÞ log pðykþ1 jlÞ. This
gives an explanation why Eq. (3) converges to the set given by Eq. (8).
Theorem 2 (Global convergence property of the recursive MAP estimator). For an i.i.d. sequence,
y1 ; y2 ; . . . ; yk ; . . . ; we assume that the underlying pdf to be a mixture of a full regular exponential family pðyjlÞ ¼
PG
T
T T
0
ðkÞ 1
g¼1 og pðyjyg Þ; l ¼ ðy1 ; . . . ; yG Þ and we use l to denote the true parameter. Assume that ½I CF ðl Þ o1,
½I p ðlðkÞ jfÞ1 o1, ðq log pðyjlÞ=qlÞo1 and lðkÞ does not tend to infinity. Then the sequence of MAP recursive
estimator (6) converges a.s. to the same set of parameters of the EM type MLE recursive estimator, which is given
by


q
L ¼ l : E l0 ½log pðyjlÞ ¼ 0
(9)
ql
even if this set contains several or nonisolated stationary points, and they may be stable, unstable or saddle.
Proof. By assumption of ½I p ðlðkÞ jfÞ1 o1, we have ð1=ðk þ 1ÞÞI p ðlðkÞ Þ ! 0 as k ! 1, i.e., the effect of prior
information diminishes. The rest proof is the same as in Theorem 1.
Similar to the remarks made in Theorem 1, since the effect of prior information diminishes as k goes to 1,
ð1=ðk þ 1ÞÞ log pðljykþ1 Þ ! E l0 ½log pðyjlÞ a.s. and ð1=ðk þ 1ÞÞRykþ1 ðl; l0 Þjl¼l0 ! E l0 ½log pðyjlÞ a.s. This gives
an explanation why Eq. (6) converges to the set given by Eq. (9). &
4. Conclusion
In this paper, under mild conditions, we show the global convergence of Titterington’s recursive estimator
and its MAP variant for mixture models of a full regular exponential family. For certain exponential family
such as multinomial distribution, stochastic constraints need to be satisﬁed among the model parameters. In
such a case, unlike batch EM algorithm, projection to the constrained parameter space is needed. We do not
provide convergence result for this type of exponential distributions at this time. For mixture models with
Markov regime, usually called hidden Markov models, observation sequences are correlated due to the
underlying Markov chain, and ðq log pðykþ1 jyk ; lÞÞ=ql has to be used in Eqs. (3) and (6) instead of
ðq log pðykþ1 jlÞÞ=ql. As the result, all past data need to be stored, which excludes the algorithm as an on-line
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one. To overcome this difﬁculty, approximations are normally made but convergence properties remain
unknown.
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